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A
lthough significant progress has already been made 
in the last few decades with respect to understanding 
the formation mechanisms of macro-segregation, accurately 
modeling such a defect in a casting or an ingot remains a 
major challenge 
[1]. It is well identified 
[2-4] that the main 
transport phenomena responsible for macro-segregation 
include thermo-solutal convection (i. e., double-diffusion), 
flow due to solidification shrinkage, motion of free equiaxed 
grains, and deformation of the solid skeleton. Sophisticated 
solidification models were proposed to address the above 
aspects in References [5-10], but due to the complexity of global 
multiphase transport phenomena coupled with microscopic 
solidification kinetics and constraint of computing resources, 
modeling macro-segregation at the process scale has not been 
fully realized.
Recently, a numerical benchmark problem was proposed by 
Bellet et al. 
[11] to verify and validate mathematical models and 
numerical codes concerned with solidification of binary alloys. 
Contributions to this benchmark have been called for. This 
Abstract: As a necessary step toward the quantitative predictions of macro-segregation commonly found in 
metal castings, classical experiments and numerical benchmarks have been used to validate a simplified binary-
alloy solidification model. The model consists of fully coupled conservation equations for the transport phenomena 
(heat transfer, solute redistribution, and melt convection) that lead to macro-segregation in a solidifying ingot with a 
fixed solid phase. Simulations were performed for solidification of either a Pb-48wt.%Sn or a Sn-5wt.%Pb alloy in a 
rectangular cavity. The present predictions were compared with experimental data and numerical reference results 
reported in the literature. Subsequently, the model was applied to a numerical benchmark problem described in the 
literature for solidification of a Sn-10wt.%Pb alloy. Simulation results for flow velocity, liquid fraction evolution, and 
macro-segregation maps also were compared with literature predictions, showing similar trends. It is concluded that 
additional comparisons to experimental results are still required to assess more complex solidification models. 
Key words: benchmark; solidification; macro-segregation; thermo-solutal convection
CLC numbers: TP391.7                                Document code: A                    Article ID: 1672-6421(2012)02-171-07
benchmark mainly focuses on the macro-segregation induced 
by thermo-solutal convection. Thus, it could be viewed as 
a fundamental and necessary step to assess the modeling 
approaches. Indeed, this benchmark is configured following the 
philosophy of the well-known Hebditch-Hunt 
[12] experiment, in 
which macro-segregation resulting from solidification of either 
a Pb-48wt.%Sn alloy or a Sn-5wt.%Pb alloy was measured. 
The macro-segregation experiment is frequently referenced 
and used to validate model predictions 
[13-17]. In the frame of 
the numerical benchmark 
[11], Combeau et al. 
[18] presented a 
comparison of results obtained by different numerical codes 
for solidification of a Sn-10wt.%Pb alloy. The previous 
study 
[13-18] reveals that the proposed solidification models are 
not necessarily accurate in describing the real and complex 
physical phenomena; and even if the same model was used, 
various macro-segregation predictions would be obtained by 
different numerical solution procedures.
The objective of the current work is to illustrate the 
predictive capability of a macro-segregation model proposed 
by the authors. The model involves a fully coupled numerical 
solution of mass, momentum, energy, and species conservation 
equations. The function to calculate the motion of equiaxed 
grains in the melt is switched off for simulating the thermo-
solutal convection and the induced macro-segregation during 
binary alloy solidification. First, the model predictions were 
compared with the measurements by Hebditch and Hunt 
[12],
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and numerical reference results by Ahmad et al 
[13] for macro-
segregation experiment for Pb-48wt.%Sn and Sn-5wt%.
Pb alloys. Then, simulations of a numerical benchmark 
problem described in Reference [11] for solidification of 
a Sn-10wt.%Pb alloy were performed. The results for the 
segregation map during solidification, evolution of liquid 
fraction and flow velocity, and final macro-segregation pattern 
were presented, comparable with literature predictions 
[18].
1 Mathematical model
The solidification model is a simplified version of previous 
models by the current authors 
[10, 17], in which the solid phase 
is assumed to be fixed. The conservation equations for mass, 
momentum, solute and energy, as well as supplementary 
relations are summarized in Table 1. 
  The Boussinesq approximation (Eq. (4)) is used to model 
thermo-solutal convection, where ρ b denotes the density in 
the buoyancy term, β T and β C are the thermal and solutal 
expansion coefficients, and T0 and C0 are reference values 
for the temperature and concentration, respectively. The 
permeability of the mushy region, K, is defined by the Carman-
Kozeny relation (Eq. (5)), which depends on the liquid volume 
fraction gl and the secondary dendrite arm spacing λ 2. The 
micro-segregation is governed by the lever rule with the 
relationships shown in Eq. (6).
The conservation equations are discretized using a control-
volume-based finite difference method. The transient term 
is treated fully implicitly. For discretizing the momentum 
equations, a staggered grid is adopted. The SIMPLER (semi-
implicit method for pressure-linked equations-revised) 
algorithm 
[19] is used to treat the velocity-pressure coupling. 
The sparse linear systems of the discretized equations are 
solved with conjugate gradient-type solvers.
Table 1: Mathematical model for macro-segregation
Mass and momentum:                 (1)
Energy:             (2)    Solute:       (3)
Density:             (4)    Permeability:     (5)
Supplemental relations:                          (6)
2 Experimental benchmark
In the Hebditch-Hunt experiment, two alloys, Pb-48wt%Sn 
and Sn-5wt%Pb, were solidified in a parallelepipedic mould 
with 60 mm height, 100 mm length and 13 mm thickness. 
The mould cavity initially filled with alloys at the liquidus 
temperature was thermally insulated on all surfaces expect 
for the left side, which would be chilled by water. Assuming 
that the fluid flow in the largest mid-plane section was not 
influenced by the two parallel walls of the cavity, a two-
dimensional geometry (see Fig. 1) could be adopted for 
analysis. The experimental segregation maps consisted of 
concentration values measured at 36 different points on four 
lines (L1 to L4, shown in Fig. 1) in the mid-plane section of 
the fully solidified ingot.
The equilibrium phase diagram of the Pb-Sn system is shown 
in Fig. 2 with three dash lines at the compositions investigated 
in this paper. It should be noted that lead has a density higher 
than tin. All thermo-physical properties, boundary conditions 
and numerical parameters used in the simulations are identical 
to the ones used by Ahmed et al. 
[13],  which are not listed here. 
Furthermore, the experimental results published by Hebditch 
and Hunt 
[12], as well as numerical reference solutions (Ahmed 
Fig. 1: Geometry of Hebditch-Hunt benchmark test
Fig. 2: Pb-Sn phase diagram
u ─ velocity; ρ ─ density; t ─ time; p ─ pressure; μl ─ liquid viscosity; g ─ gravity; T ─ temperature; k ─ 
thermal conductivity; cp ─ specific heat; L ─ latent heat; g ─ volume fraction; C ─ concentration; kp ─ partition 
coefficient; Tm ─ melting temperature of the pure substance; ml ─ liquidus slope. The  subscripts of variables “l” and “s” 
refer to liquid and solid, respectively. 
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[13]) obtained with a finite-volume method (FVM) are 
used in the following comparisons.
2.1 Solidification of Pb-48wt.%Sn alloy
Figure 3 shows the predictions of the streamlines at time t = 
50 s within the liquid and mushy zones during solidification of 
the Pb-48wt.%Sn alloy. It can be seen that the trends predicted 
by the literature [13] and the present simulations are the same: 
the flow is essentially clockwise. In this case, convection is 
dominated by solutal buoyancy; the rejected tin (because of 
the solutal redistribution during solidification) has a tendency 
to make the inter-dendritic fluid lighter; hence, it flows upward 
(i. e., clockwise circulation). The centers of the circulation 
and the overall shape of the streamlines correspond fairly well 
for Figs. 3 (a) and (b). In addition, the maximum velocity 
predicted by the present model (vmax = 4.30 mm·s
-1) is very 
close to that obtained by the literature simulation (vmax = 4.22 
mm·s
-1).
       Literature simulation
[13],       Present simulation,
Fig. 3: Streamlines at 50 s during solidification of Pb-48wt%Sn
Figure 4 shows the predicted maps of segregation ratio, 
(C – C0) / C0, of Sn (t = 400 s). As can be seen, the present 
prediction is similar to that in the literature [13]. The neutral 
line (0%) extends from the upper left to the bottom right 
corner of the mould cavity and each line has nearly the same 
position and shape in both the literature and the present results.
Literature simulation
[13] Present simulation
Fig. 4: Comparison of segregation maps at 400 s during solidification of Pb-48wt.%Sn
Figure 5 shows the model results of segregation ratio in the 
fully solidified cavity, in comparison with experimental data 
[12]. 
The segregation ratio profiles are plotted as a function of the 
distance to the left side for four lines (L1 to L4) in the mould 
cavity. Generally, the macro-segregation predictions are in 
good agreement with the measurements. Near the upper right 
of the mould cavity, however, the agreement is not so good. 
This point can also be found in the literature simulations 
[13].
2.2 Solidification of Sn-5wt%Pb alloy
Figure 6 shows the calculated streamlines at time t = 100 s 
during solidification of the Sn-5wt.%Pb alloy in the literature 
[13] and the present simulations. Due to lead rejection in the 
mushy zone, the flow is counter-clockwise in the mould cavity. 
As can be seen, there are two counter-clockwise vortices with 
a stagnant region in between. The centers and shapes of the 
 Fig. 5: Segregation ratio at the end of solidification as a 
function of the distance to the chill (left side of the 
mould). The profiles predicted by the present model (curves) 
are compared with experimental data from the literature (symbols). 
Lines L1 to L4 correspond to four heights from the bottom of the 
mould cavity (as illustrated in Fig. 1)
vmax = 4.22 mm·s
-1 vmax = 4.30 mm·s
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 Literature simulation
[13], Present simulation,
Fig. 6: Streamlines at 100 s during solidification of Sn-5wt.%Pb
vortices in both simulations are very similar. The maximum 
velocity calculated by the two simulations (vmax) is indicated in 
the figure caption.
Figure 7 shows a comparison of segregation maps obtained 
in the literature [13] and the present simulations. The 
agreement between the two predictions is very good in the 
whole region of the mould cavity. There is a set of segregated 
channels of very low intensity (between -5% and 5%) confined 
at the bottom of the mould cavity and extending over nearly 
the entire length of the ingot in both results. It should be noted 
that the positions and shapes of the segregated channels are 
very similar in the two predictions.
The observations of comparison between macro-segregation 
predictions and measurements for the Sn-5wt.%Pb alloy are 
similar to those for the Pb-48wt.%Sn alloy, which are not 
illustrated here.
Literature simulation
[13] Present simulation
Fig. 7: Comparison of segregation maps at 400 s during solidification of Sn-5wt.%Pb
3 Numerical benchmark
The numerical benchmark proposed by Bellet et al. 
[11] is 
concerned with the solidification of a binary Sn-10wt.%Pb 
alloy in a two-dimensional rectangular mould cavity of 60 
mm height and 100 mm width. The problem is similar to the 
Hebditch-Hunt experiment. The mould cavity initially filled 
with the alloy at the liquidus temperature was, however, cooled 
symmetrically on both vertical walls. Due to the symmetry of 
the geometry, the problem could be solved on the simulation 
domain sketched in Fig. 8. More detailed descriptions of the 
problem and the full set of thermo-physical properties can be 
found in the work of Bellet et al. 
[11].
Figure 9 presents the segregation (C − C0 in wt.%Pb) map at 
time t = 120 s during solidification of Sn-10wt.%Pb alloy. The 
principal characteristics of macro-segregation developed early 
through the solidification process can be recognized: a positive 
segregation zone along the axis of symmetry and at the bottom, 
a negative segregation pocket in the upper right part of the 
ingot, and channel segregates inclined at about 45º connecting 
the positive and the negative segregation regions. As can be 
Fig. 8: Schematic of numerical benchmark problem 
for macro-segregation
vmax = 2.31 mm·s
-1 vmax = 2.59 mm·s
-1
seen, the present prediction of the macro-segregation map is in 
qualitative agreement with numerical results in the literature 
[18]. The main discrepancy is the positive macro-segregation 
zone in the vicinity of the axis of symmetry (the left boundary 
of the calculation domain) at the mid-height (y: ~30 mm) of 
the ingot. In this region, the literature simulation presents a 
zone less enriched in lead, while the segregation-isolines of 175
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Fig. 10: Time evolution of liquid volume fraction at 
sample point E (located at the centre of the 
calculation domain in Fig. 8) from the literature 
and present simulations
Fig. 11: Time evolution of velocity magnitude at point E 
(located at the centre of the calculation domain 
in Fig. 8) from the literature and present 
simulations
 Literature simulation
[18]  Present prediction
Fig. 9: Maps of segregation (C − C0 in wt.%Pb) at 120 s during solidification of Sn-10wt.%Pb
0.6 and 0.8 are smoother in the present prediction. To the best 
knowledge of the authors, smoother isolines of segregation and 
thus a more stable vertical segregation gradient in this region 
are more acceptable for the prediction.
Figure 10 shows the time evolution of the liquid fraction in 
a representative point located at the centre of the calculation 
domain (point E, illustrated in Fig. 8). The present simulation 
agrees well with numerical results in the literature [18]. During 
solidification, an increase in the time induces a decrease 
in the liquid fraction. Near the very end of solidification, 
however, the liquid fraction decreases dramatically with time 
increasing. This sudden decrease corresponds to the formation 
of eutectics in the alloy. Following the assumption of the 
lever rule, the volume fraction of the eutectic gEu would be 
0.21 corresponding to the initial composition of 10 wt.%Pb. It 
should be noted that due to the formation of macro-segregation 
during solidification, the local solute concentration varies, and 
thus the local volume fraction of the eutectic phase changes: 
at point E, gEu is a bit lower than 0.21. As can be seen, there 
is a critical point (t: ~350 s, gl: ~0.2) in the gl-t curve. A 
slight difference between the two simulations is related to the 
critical point. The corresponding times of the critical point 
are approximately 345 and 349 s in the literature and present 
simulations, respectively. Furthermore, the time predicted 
for complete solidification of point E is 358 s in the present 
simulation, which is comparable with approximately 351 s for 
the literature simulation.
Figure 11 illustrates the evolution of the velocity magnitude 
at point E with time. Both curves present the same trend, with 
two peaks (local maxima) and one valley (local minimum) at 
the same times. Near the first peak (t: ~20 s), there is a notable 
discrepancy on the maximum of velocity magnitude between 
the two solutions. Actually, this peak corresponds to a high 
liquid fraction (gl = 1) and thus the point E is in the fully liquid 
zone near t: ~20 s. This phenomenon can also be observed by 
referring to the gl-t curve shown in Fig. 10. The second peak (t: 
~40 s) also corresponds to the mushy zone with a high liquid 
fraction (gl: ~0.99). It should be pointed out that absolute 
(global) maximum of velocity magnitude at point E during 
solidification is approximately 2.3 mm·s
-1. As can been seen, 
the literature and present predictions are generally in good 
agreement.CHINA FOUNDRY
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Figure 12 presents the maps of segregation at the end of 
solidification from the literature [18] and present simulations. 
The features of macro-segregation formed at the early stages 
of solidification remain in the ingot till the end. The present 
model retrieves well the final macro-segregation map predicted 
by the SOLID software 
[18], a detailed description of which 
is provided in the work of Combeau et al. 
[7] and Zaloznik 
and Combeau 
[8]. The principal difference in terms of macro-
segregation is still observed in the aforementioned central zone 
(left boundary of the calculation domain in Fig. 9).
For this benchmark, it was concluded in the literature [18] 
that the qualitative map obtained with different numerical 
procedures is the same, while notable differences exist in the 
evolution and local behavior. As shown in Figs. 9 and 12, 
the macro-segregation maps from the present and selected 
literature simulation results are qualitatively the same; whereas 
the present procedure might predict a more acceptable local 
behavior. Moreover, the evolution of liquid fraction and flow 
velocity shown in Figs. 10 and 11 agree well in the present 
and literature simulations. It is demonstrated that the present 
macro-segregation model has a similar predictive capability to 
that in the work of Combeau et al. 
[18].
Literature simulation
[18] Present prediction
Fig. 12: Final macro-segregation maps of Sn-10wt.%Pb
4 Conclusions
A simplified solidification model focused on the thermo-
solutal convection and the induced macro-segregation has been 
presented. The model was first validated on the well-known 
Hebditch-Hunt benchmark experiment of macro-segregation 
in Pb-48wt.%Sn and Sn-5wt.%Pb alloys, by a comparison 
with measurements by Hebditch and Hunt 
[12] and numerical 
reference solutions by Ahmed et al.
[13] Then, a contribution 
to a numerical benchmark problem for solidification of a Sn-
10wt.%Pb alloy was made. The simulation results presented 
in the form of flow velocity, liquid fraction evolution and 
macro-segregation maps agree well with predictions from the 
literature [18]. It is concluded that the numerical procedure 
has an accuracy performance in the prediction of thermo-
solutal convection and macro-segregation similar to that of 
computational codes reported in the literature. However, 
some differences between the results obtained using 
different numerical tools would exist in local trends. Refined 
experimental results are still required to further assess the 
present model and more complex solidification models.
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